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A variational method of evaluating functional integrals is proposed. This method
is used to investigate the asymptotic behavior of the scalar-particle Green
functions in stochastic fields. The equations for the Green functions in Euclidean
space in stochastic fields are written. The solutions of these equations are
represented in the form of a functional integral and then they are averaged over
Gaussian stochastic fields. The variational method formulated above is used to
evaluate the asymptotic behavior of these Green functions. The following
equations are considered in this paper: a stochastic contribution to the mass of
a scalar particle, a gauge stochastic field, and a weak stochastic contribution to
the flat metric of Euclidean space.

1. INTRODUCTION

It is very popular to represent different physical characteristics in the
form of functional integrals.” However, with the exception of the Gaussian
integrals and a few integrals of a special form, calculations of functional
integrals are of a serious difficulty. The main computing methods of func-
tional integrals are, first, the quasiclassical approach or the stationary phase
method when the main contribution to the integral is considered to
come from a function which minimizes an integrand action,* and, second,
variational calculations (Feynman and Hibbs, 1965).

In this paper we proposed a variational method improving the Feynman
method (Feynman and Hibbs, 1965) and apply it for investigation of the

"nstitute of Physics and Te¢hnology, Academy of Sciences of Mongolian People’s Republic,
Ulan-Bator, Mongolia.
2joint Institute for Nuclear Research, Dubna, USSR.
3See, e.g., Climm and Jafte (1981) and Feynman Path Integrals (Lecture Notes in Physics,
No. 106), Springer-Veriag, New York (1979).
See, e.g., Feynman Path Integrals.
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asymptotic behavior of the Green functions in stochastic fields. The idea
of this method was formulated in Efimov (1985).

For problems as difficult as calculations of functional integrals, vari-
ational estimations should help at least to understand and give a sense of
the character of the behavior of a functional integral, although they do not
give its exact value.

2. VARIATIONAL METHOD

Here we formulate our variational method which will be used in what
follows. Let the functional integral be given by

I(g) =J’ do, e Wie) (2.1

1 _
do, =53¢ exp{—% ‘[ J dx, dx, ¢(x;) D™ (x,, xz)qo(xz)} (2.2)
@ \'
The notation is the following: D™'(x,, x,) is the distribution or the differen-
tial operator. The Green function D(x,, x,) is defined by the equation

J:/ dyD_l(xl,y)D(y, X5) = 8(x; — x;)

and it satisfies some given boundary conditions.
The volume V< R? over which the integration is performed in (2.2)
can be either finite or infinite.
The functional differential in a lattice approximation is defined as
8o =[] do(x)

xeV

The normalization constant N, is determined from the condition

Jda¢=l

W[¢] is a real functional, and g is a “coupling constant.”

Itis assumed that the functional integral (2.1) is defined on the Gaussian
measure (2.2), at least there exists a perturbation series in the coupling
constant g.

Let us formulate our variational method. First, let us diagonalize the
quadratic form in (2.2). We introduce the function A(x,, x,) satisfying the
condition

J dy A(xy,y) A(y, x,) = D(x,, x,) 2.3)
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In the cases under consideration this function can easily be found, but it
is enough for us to suppose its existence. Let us introduce the new functional
variable

e(x)= j dy A(x, y)P(y) = (A, ¢)(x) (2.4)

The functional integral (2.1) can be written
1
He)=1~ J 8¢ eXp{—% j dx ¢*(x) —gWI(4, ¢>)]} (2.5)
Py v

where the new constant N, is defined by the condition I(0)=1.
Let us choose in the volume V<R? some orthonormal system of
functions {g,;(x)}, where

{n}=(n,,..., ny), m=0,1,2,... (j=1,...,d)

satisfies the conditions

J ddx g{n}(x)g{n’}(x) = B{n,n'}z 5n1n{ v 6ndnl§
\ 4

, (2.6)
{Z} gim{(X)gem(x) =8 (x —x) = 8(x - x')

The choice of the system (2.6) is sufficiently arbitrary. The unique condition
imposed on this system is that the functions D(x,, x;) and A(x,, x,) can
be developed over the functions of this system.

Let us represent the function ¢ (x) over which the integration is perfor-
med in (2.5) in the form

d(x)= {2} Ugn &ray(X) 2.7

where the coefficients u,,, are independent variables. Then,

J dx ¢*(x) =Y ui,
\% {n}

(2.8)
(A, d)(x)= (Z} A{n}(x)u{n} s A{n}(x) = J'v dy A(x, )’)g{n)(J’)

The functional integral (2.5) can be written in the form of the infinitely
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multiple integral

I(g)= j do, exp{—gWI[(4, ¢)1}
(2.9)

du{n} ( 1 2 )
do, = expl —3 2, ui,
}:'[} (27T)d/2 p 2 {2';} {n}

where the normalization constant is written in explicit form.
We want to stress that the representation (2.9) is equivalent to (2.1).
Let us proceed to the variational estimation of the integral (2.9). We
introduce the new variables in (2.9)

"Zn}
U =373 Sn 2.10
W Tt g™ (2.10)

where the quantities g;,; and s;,,, will be variational parameters. They satisfy
the conditions

<00, <00

2 qn) 2 Sin}
{n} {n}

We would like to make the following remarks. Instead of (2.10) it is
possible to make the substitution

uin
U=, U, + 51 (2.11)
{n} a {,’}(1+q{1})1/2 {n}

where U is an orthogonal real matrix: det U=1, UUT =1 This matrix
defines some rotation in the space of variables {u,,,}. However, according
to (2.7), it signifies a transition to another orthonormal basis (2.6). In other
words, the basis enters into the set of our variational parameters.

Let us substitute (2.10) into (2.9). We get

1 q{n}
I(g)=T] —-—————J do, exp{l y —H 2
fm (L+qpap)"? 2{"}1+q{n} )

{n} 1 2
B Um =32 Sin—gWI[(A,, )+ (A, s 2.12
L e WG, 9+ 050 1)

where

(A,, ¢) = § —tzX)

172 Winys
m(1+ ‘I{n))l/z

The measure do, is the same as in (2.9).
Let us use the inequality

farerscof-

(A, 5)(x)= {Z} Apny(x)sim)
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which is valid for any positive-definite measures and any real functions W.
We obtain

I(g)zexp{—L[q]—%(S, 5) —I do, W[(4,, ¢)+(4, S)]}

Q{n}
Ligl=3Y [ln(1+ ) — ] (2.13)
q 2m qiny 1+ qim

(S, S) = Z S%n}
{n}

Representing our integral I{g) in the form

I(g)=exp{—E(g)} (2.14)
we can obtain from (2.13) for E(g) the upper estimation
E(g)<E.(g)
(2.15)

E.(g)=min {L[q]+%(s, s)+ J do, W[(A,, ¢)+(4, S)]}
{g,5}

This formula is the desired inequality.

Thus, the variational parameters are, first, the orthonormal system (2.6)
and, second, the parameters {q,,;, (.} over which we have to compute the
minimum in (2.15).

It should be noted that this variational estimation (2.15) gives the exact
result for the quadratic functionals W{¢].

In conclusion, we want to remark that this variational method differs
from the Feynman method (Feynman and Hibbs, 1965) in that the additional
parameters s;,; are introduced and the parameters gqy,; are connected with
the pure Gaussian measure just as the specific properties of the differential
operator D™ '(x,, x,) enter into the interaction functional W. Therefore, the
variational equations obtained from (2.15) connect directly the parameters
g and s, with the behavior of the Green function D(x,, x,), so that a
more precise estimation can be achieved.

3. GREEN FUNCTIONS IN THE FORM OF
A FUNCTIONAL INTEGRAL

Let us consider the Green function satisfying the following equation:

I:(ia%-f- V#(x))z—l- W(x)+m2]G(x,y]V, W)y=é(x-y) (.1

H

where W(x)=0. This equation is defined in the Euclidean space R“

o \? 9 3
= x4 +x2, D=(i~—> =—<——2+"'+—z> (3.2)
8x“ ax] axd
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The solution of equation (3.1) can be written in the following form
according to the Feynman functional integral representation (Feynman,
1951)

G(x,y|V, W)

= J‘oo da [exp(—am®)]T, exp{—a J‘1 dp [

o}

3
9x,(B)

+ V,L(X(ﬁ))]
—a L dp W(X(B))} 8(x~-y)

=f da [eXp(—amz)]jM(ﬁ)eXp{—J. B ¢,.(B)

0 0

+2i\f&J quS,L(,[B)V#(x—%/EJ dB’¢(ﬁ’))
0 B

—a J apw(x-2va L a8 9(8))|5(x-y-2a J ()

Here T is a symbol of a ““chronological” ordering in the parameter 8.
The normalization of the functional integral in (3.2) is chosen in the
following way:

J 8¢ exp{—J0 dp ¢2(ﬁ)} 5(x—2¢EJ dg $(B))

= J (ﬁ) ’ exp(—ikx — ak?)
2

1 x?
=Wexp(—£> (3.3)

Let us perform the following transformations in (3.2). We will calculate
the functional integral in the representation of basic vectors. The orthonor-
mal basis on the interval 0 <8 <1 will be taken in the form (n=1,2,...)

1
g.(B)=1{ 2 cos 2mnp (3.4)
V2 sin 27nB

We introduce the new variables of integration in (3.2)

bu(B) = o, +a.(B)
(3.5)

a,(B)= § (t4n,, cos 27nB +v,, sin 27np)

n=
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We have

j 4B &2(B) = oD S (ut o)
L dp ¢,.(B) = b0,

B
J dB’ $,.(B") = Bdo. + A, (B) (3.6)

0
B
\Au(B)=j’ dg’ a,(B")

_5 L

Ry [y, sin 2718 + v, (1 —cos 27nB)]

After introducing the new variables (3.5), using formulas (3.6), and perform-
ing the integration over ¢,, with the condition (3.3}, one can obtain for
the functional integral (3.2)

G(x, y|V, W)=_ro~iq775{exp{—am2"(x_y) ]}R(x,yl v, W)
0 (47Ta)
3.7)
R(x, ¥V, W)=J do, L(x, y| VYL(x, y| W)
Iv(x,yi V) :exp{i Jo dB (x")"zallza(ﬁ))#vu(xﬁ+Y(1_ﬁ)
+2a”2A(B))} (3.8)
L(x, y| W)=exp{—a L dg W(xg+y(1 —ﬁ)+2a”2A(B))}
(3.9)

[Se] d d [o<]
do,= ] (du v) exp{—-% > (ufm+vﬁ#)}

n=1 27T n=1

The representation (3.7) is the basis of our further calculations.

4. SCALAR PARTICLES IN A STOCHASTIC FIELD

As the first example of the application of our variational method, we
consider the problem of the arising of a mass for scalar particles in a
stochastic field. Our results can be formulated in the form of the following
statement.
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Statement. Let the equation
[O+g¢*(x)1G(x, y| @) =8(x—y) (4.1)

be given in the Euclidean space R*. The field ¢(x) is a random Gaussian
field with the correlation function

(e(x)@(x2)), = D(x,—x,) = J (%) D(k?) e x> (4.2)

The function D(k?) decreases rapidly enough so that

dk

D, = J (_>4D(k2)<k2)" <0 (n=0,1) (43)
2

Then, the following inequality is valid for the Green function averaged over
the random field:

Glx=y) =(Glx y o) = S expl-M.Ix =311 (44)

[(x—»)1

Here

o 4
M,= min {—1—+2a+§+g§J dse‘SJ—GE) D(k?)
w

£>0,0>04>0 L4€ 2 0
x[l—exp{i(kn)gsx—gkz(l—e*‘”/’\)}]} (4.5)

where n is an Euclidean vector with n”=1.
For the weak and strong coupling we have

M _{(gDo)”Z, g«1
L=

4.6
109(eD)",  g»1 (46)

Now we proceed to prove this statement. According to the representa-
tion (3.7), the Green function in a random field ¢(x) is written

ood 2
G(xlso)=(j4—7177L f; [exp(—:—a)] R(x|¢)

R(xlso):J do, exp{*ga J dB ¢*(xB +2011/2A(B))}

0

4.7)

where we put y =0 for convenience.
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The averaging of (4.7) over the Gaussian field ¢{(x) can be performed
in the following way. The following representation is valid:

exp{—ga J dB ¢*(xB +2a”2A(B))}

=J doy, exp{—zi(ga)‘/zj dB b(B)e(xB +2a”2A(B))} (4.8)
0
where
1 1
doy, =~A—[; 8b exp{— L dp bz(,B)}

dbO b dtn dS,, { 2 1 < 2 2 }
== —bi—3 ta+sh
\/’7—7 nl;[] 277 exp 0 2 "; ( N )

b(B)=Dby+ Y (t,cos2mwnB+s,sin2mwnB)
n=1

Introducing the representation (4.8) in (4.7) and performing the averaging
over the Gaussian random field ¢(x), one gets

coda 2
G(x)=(G(x|e)), = 1 J_Z[CXP(—Q%HR(X’O‘)

(477)2 0o &

R{x, a)=exp[—E(x, a)]

=J do, J do, exp{—Zga J J' dp, dB, b(B;) (4.9)

By
X D<x(ﬁl “32)4‘2\/; J ap a(ﬁ)) b(Bz)}
B2

Now let us apply our variational method to (4.9). We introduce the
variational parameters {p,} for the measure do, and {q,} for the measure
do,. Th parameters s, in (2.11) are set equal to zero for both measures. An
additional investigation omitted here shows that these parameters equal
zero in the limit x> - co. Using (2.13), one gets

R(x, a)= e E*x®) 2 g=Elxe)
, =

E.(x, @)= min {4L{q]+L[p]
{Gn Pu}

, J . (4.10)
+2ga J J dg, dB; B,(B.— B>) J (ﬁ) g2

X D(x(B1~B2) +2ulaA, (B, ~/32)]‘/2)}
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Here, the following formulas are introduced:
Bp(ﬂl _BZ) = J’ dab bp(Bl)bp(BZ)

S cos2wn(B,—B,)
n=1 1+pn

+

N

cos 2mn(B,— B,)
(4.11)

B, d 4 )
fdaak(j P aq<3))=f((27—')‘1/2) e PR (u[ Ay (B~ B)]"?)

8
_ 2 2[1-cos2mwn(B—B2)]
Aq(Bl_BZ) - "Z=:1 (27Tn)2(1+qn)

16(8,-B) - ¥

"11 Dn

o

[ee]

Li=3 l:ln(1+r,,)—l_::"r ] (Fa = Gn, Pr)

The behavior of the Green function as x>— o is of interest. Let us
calculate this asymptotic behavior in this limit. For this aim we put in the
integral (4.9)

a=xl¢ [x[=(x)"

x|o\? x|A\?
qn=<| | ) s Pn=(I I ) (4.12)
mn mn

where o and A are variational parameters. Then, the following estimation
for the Green function is valid:

1 ©d¢ |x]
G(x)= -[ i {———E x|, 4.13)

(477)2|xl o 52 p 4§ +(| I g) (
Here E. (x|, ¢£) is defined by formula (4.10). In the case of the parameters
(4.12) we obtain for formulas (4.11)

shixlo  |x|o 1

and

Llg]=1n 2lxlor

|x|c  2cth|x|o 2 [xlor—co
_1 1y SHIX[A(1-2IB)) ]

Bp(B)-z[??(B) |x|A Y +1

—— H8(B) —|x|r e MBI 1] (4.14)

Ix|>00

A(B) _ 1 chix|o—ch[x|o(1-2|B])

4 |x|o sh |x|o

(1- e—ZIXWIﬁI)

—_—
Iorc 4X|0
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Substituting (4.14) into (4.10) and introducing new variables B; - B;/ A|x|
(j=1,2), one gets, after some transformations, as |x|— oo,

(4.15)

where ‘M, is defined by formula (4.5).
The asymptotic behavior of M, for small and large g can be obtained
in the following way. Introducing the variables

o=gq, A=g"\, E=g ¢

where p is an independent parameter, one gets

oc 4
M.=g” min{ L +2<r-|-/\+g1 2”§J dse”* J (EE> D(k?)
4£ N 27

Lo 2

><[l—exp{i(kn)gp;A—;z—’ZO_(1~e—as/A)}:l} (4.16)

As g—0, we have p=1/2 and

1
M, =g’ m1n{-—-+20'+ +§D0}—(gD)1/2
gon L4E

For g - o0 we have p=1/4 and

M =g1/“min{1 +20+3¢D (*— _ﬁ_)}
* con L4E "\2A2 6+

=1.09(gD,)"*

5. SCALAR PARTICLES IN A STOCHASTIC
VECTOR GAUGE FIELD

The next example is relevant to Simonov (1988a,b), where the author
claims that stochastic gauge fields (electromagnetic fields, for example) can
lead to the confinement of particles which are in these fields. The
confinement is considered to be reached if the Green function decreases at
large distances more rapidly than any linear exponent, i.e.,

lim |G(x)| exp{N(x*)"*} =0

|x{>c0
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for any N > 0. This condition means that these Green functions cannot
describe asymptotically free states of particles.

Here, we show that this is not true. Our conclusion is based on the
following statement.

Statement. Let the equation
3 2
{[i5-x—+ V“(x,y)} +m2} G(x, y|F)=8(x—y) (5.1)
M

be given in the Euclidean space' R*. The vector field V,, is defined by

1

Vp(x,y)=J ds sF,,(xs+y(1—s))(x—y), (5.2)

0

Here F,.(x) is a random Gaussian field with the correlation function

(Fp.u(x)Fpa'(y)>F = (6;1.;;6110' - ay.o'avp)D(x —)’)

dk\* « . 5.3

D(x)___JV (___) D(kz) e-rkx ( )
2ar

where the function D(k?) decreases rapidly enough.

Then, the following inequality is valid for the Green function averaged
over the random field F,, in the limit (x —y)*- co:

const n1/2
————; exp{—ml(x — 5.4
[(x_y)2]1/2 p{ [( y) ] } ( )
In other words, a vector gauge random field does not give even a positive
contribution to the mass of the particle.
We proceed to prove this statement. For the solution of equation (5.1)
the representation (3.7) gives

* da -y)?
G(x,yIF)=J'0 (4m)2{exp[—amz—%a—y)—]}R(x,ylV)

Gx—y)=(G(x,y| F)r=

1

R(x,y|V) =J' do, exp{i J dg (x—y+2a'a(B)), (5.5)

x V. (xB+y(1 *B)+2a1/2A(B))}

where V, is defined by formula (5.2). Averaging (5.5) over the random field
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F,, and putting y =0, one obtains

R(x)=(R(x,0| V))r

= J' do, exp{—-W[X1} (5.6)

WiX]= %JJI dg, dg, J'J.l ds, ds, 5,5, D(s; X(B1) —5:X(B))Y

Y =X, (B)X 0(B1) 8 rpe1 X, (B2) X 1(B2) (5.7)
=4a[xp.(AV(Bl)_Blau(ﬁl))—2al/zA,u.(Bl)av(Bl)]a[p.v,pa']
X [x,(As(B2) = B2a,(B2)) —2a"*A,(Br)a,(B2)]

where
O punpo1 = OppBro — 8,00,
X,.(B)=X,B+2a'?A,(B)
’ :i — 1/2
X,(B) aBX,L(B) X, +2a"%a,(B)

The variational estimation (2.13) gives for (5.6)

R(x, a)= e Exe) o p—E (xa)
A =

(5.8)
E.(x, a) =r{ni? [4L[q])+ W[ql]
Wiq] :J do, W[X,] (5.9)

where
X,(B)=xB~2a'?A,(B)
B
A, (B) =J ag’ a,(B)
4]

® u, cos 27nfB + v, sin 27nP

WO T g

The variational parameters g, are chosen in the form

0 =('—’i‘f) [l = ()'"2] (5.10)

mThn
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where o is a variational parameter. Then, L[ q] is defined by formula (4.14).
The convolutions of the fields A,(8) and a,(B) which arise when calculating
the functional integral (5.9) are

(qu.(ﬁl)AqV(BZ)>
=J’ da-a Aqu(ﬁl)Aqv(BZ)
S i" 1—cos27n B,—cos 27nB,+cos 27n(B,— B,)
B 4 n=1 (7-rn)2+(a'|x|)2

>

=—""*"——TIch g|x|—ch o|x|(1-28,) —ch o|x|(1-28,)
8o|x| sh o|x|

+ch o|x|(1-2|8, - B3]

— 8‘2]‘;' [1— e 20118, _ g=201xI8, | =20ixH18,~A,l] (5.11)
<qu.(Bl)aqv(BZ)>
i}
=— (A 1 Aqv 2
8B2< a(B1)Ag(B2))
ég._r: [e—2¢7|xlﬁz+ 5(31 _Bz) e*zﬁlxl'lﬁl—ﬁzl]
alx|{—»c0
<aqu(Bl)aqu(ﬂ2))
2
=I3ﬁ1 832 <Aq,u(ﬁl)AqV(BZ)>
——38,,[8(B1— B>) — x| e 2]
oix|>

The function (5.9) can be written

W(o, |x|) :% J'J‘ ag, dp. IJ ds, ds, 5,5, j <%> ﬁ(kz)
¢ 0 27T

x exp[i|x|(kn)(B:s,— B25:) 1 (|x], o5 B1, B2, 51, 82)  (5.12)
J= J do, (CXP{izal/z(k[slAq(,Bl) _Squ(.Bz)]}) Y,

where Y, is defined by (5.7), where the vector X () is changed by X, (B).

The integral for J can easily be calculated. However, we do not write
this cumbersome expression here, but pick out from it the leading terms in
the limit |x| > co. It should be noted that

@ =|x|¢ (5.13)
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where €= 0(1) as |x] > because the asymptotic behavior of the Green
function in (5.5) is defined by a saddle point of the integrand.

The convolutions (5.11) considered as distributions of the variables 8,
and B, have the following smallness order:

(Ag.(B)A [ (crlx!”
(Ag(BA [ <0lxl)]
(Ag.(By)ag(B))= (%) (5.14)

(Agu(B1)B2ag,(Bo)) = <( le))

<aq,u(Bl)aqv(B2)> ( )

The limiting relation takes the form

J'(dk> F(kz) ilx|(kn)(B;s,—B,5,)

247

Ixi>c0 l

if the function F(u) decreases rapidly enough.
Since the limiting expressions for the convolutions (5.14) do not depend
on B, and B,, the integral over B8, and B, can be calculated,

! 1 1
jj ag, dg, 5(3131_3252)=;‘ 9(51‘"32)"';‘ 0(s,—s5,) (5.16)
0 1 2
Taking into account (5.13)-(5.16) and introducing the new variables s5,= s

and s,=s{1+1)/2, the expression for {5.12) can be written, after some
calculations,

Wiql= leF(")[”O(l lﬂ

S dk =~ 3+
F(n)==%nj' dss‘J dtJ s D(K%) exp<-k2ns2 > (5.17)
0 0 (271') 4

X(1+3 nk2 217
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where n = £&/20. It is easily seen that

O(n), n->0
F(n)= O(ln_n> o (5.18)
1’ 2

Finally, for the Green function (5.4) we obtain, as |x| - o0,

const YA

x|

M, n;{rn{m &+ 1§+20'+F(2i_)}

Introducing n = £/20, one gets

G(x)=

M+=min{ e+— +§+F(n)}
£&m 4¢ 7

1 1/2
=min{<m2+;> +F(n)}=m

Thus, we obtain (5.4).

6. SCALAR PARTICLES IN A SPACE WITH
FLUCTUATING METRIC

In this section we calculate a correction to the mass of a scalar particle
in a Euclidean space with a weak stochastic correction to the metric of a
flat Euclidean space R*. Suppose that this metric can be written

8uv(x) =8, +¢&,,(x) (6.1)
The Lagrangian of scalar particles in the space with this metric has the form
dp(x) dp(x)
=%f d*xg"? [ () T2 S i (x)
X, 0X,
The equation of motion is

il 38, 90(x) 31n Vg sp(x)
+ —H +
g;uf(x) ax ( ) ax” g/.LV ax“ ax,,

w 0%, Xu

-m’p(x)=0 (6.2)

The weak stochastic field €, (x) should be considered as a gravity-like field,
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i.e,, a field with spin two. In this case, £,,(x) satisfies the conditions

£,,(x)=§,(x), tre=cg,,(x)=0

d
— g, (x)=0
“w
Then, the second term in (6.2) equals zero. The third term in (6.2) is O(&)
because

(6.3)

[g(x)]V2=1+3tr *(x)+ O(&®)

and after averaging over &,,, the second term in Vg leads to a constant.
Therefore, (6/3x,) In Vg = O(£”) and this term does not give any contribu-
tion to corrections of the second order.

As a result, the equation in a weak stochastic field is

2
—g.. +m?> =0
[ BunX) g ] o(x)
The equation for the Green function of a scalar particle can be written
2
{[6;1-1/ + ep.v(x)] ax# ax, + mz} G(x, y ] 8) = 5(x _}’) (64)

Let us consider the stochastic field £,,(x). This field satisfies the
conditions (6.3) and is a random Gaussian field with the correlation function

(g,uv(x)gpo'(y)>s = Dy,v,po'(x “J’)

du\? ~ |
=J <ﬁ) D(K*)B 10 po (k) €757

. (6.5)
Au,v,po-(k) = dpp dwr + d;u,o- dup - §dy.v dpo'
k.k,

The function D(k?) is supposed to decrease rapidly enough. We choose it
in the form
D'(k2) :_(_;_ —k2f A2

e (6.6)

Here 1/ A defines the correlation length. It is natural to suppose that it is
of the order of the Planck length,

Gh\'"?
/A~ Lp= (—;—) ~1.62x107 cm
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Let us consider equation (6.4). The solution of this equation can be
represented in the form of a functional integral (we put y =0):

©

G(x|e) =J do e " *T;N[¢] I 8¢

o

xexp{ Jdﬁd)u(ﬂ)g Ax(B))b.(B)

8(x) (6.7)

-2a'/2j B ¢.(B) (B)}

where

1 1
N[S]=W=J 8y exp{— _L ap t/f,L(.B)gW(X(B))d/v(B)}

N[0]=1

After standard transformations, one gets

1
da e™ ™ ” 5y 8¢ 8<x—2a1/2 f dg ¢(;3))
0

o0

G(x|8)=J

(4]

xexp{*J’ dB [¢,.(B)g..(X(B)y.(B)
0 (6.8)

+ ¢u(,3)gll(X(ﬂ))¢u(B)]}

B
X,L(B)=2a”2J‘ dp’ ¢.(B")

We consider the case of a weak stochastic field. Restricting ourselves to the
second order in the field ¢,,(x), we get

(%) =8 — £, (X) + £, (X) £, (x) + O(&?)

and

J oy eXp{*L g %(B)g,w(X(B))t/fu(B)}

=exp {%5(0) L dB &,.(X(B))e..(X(B))+ 0(53)}
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In this approximation the Green function has the form

em A (x, al€) (6.9)

G("'S)zL (ima]

J(x, a|€) =J do, eXp{%S(O) L dp &,..(X(B))e,.(X(B))
—L dB ¢, (B)e,,(X(B))e,(X(B)).(B)

+L dg %(B)%(X(B))asv(ﬂ)} (6.10)
X(B)=xB+2a"*A(B)

$(B)= 1/2X (B)

Averaging (6.10) over the weak stochasic field ¢,, gives

J(x, @) =(J(x, a|e)).

=€Xp{i3(0)Dw,m(0)—J do, J dB ¢,.(B)$.(B)Dyppu(0)
+J daa % J‘J dBl dB2 ¢M(Bl)¢u(BI)Duv,pa(X(Bl)

~“X(ﬁz))dbp(l3z)<l>a(132)}

As |x| - c© the integral (6.9) is defined by the saddle point @ = |x|/2m. Then

lxl) |x|5
J AN — xlom
(x, b,

s (4 s [12 2 K (kn)?\?
5’"”“’"“217) Dk )[”15 (sz/m>+(kn>2<1 K )]

and
G(x)= e~ (momi (6.11)
If D(K?) is given by (6.6), then for m« A one obtains
1 m® 4A
dm = GA*|1+—=—=In 6.12
" '"(8 )2 ( 12 4A2 m2> (6.12)
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